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materiali con proprieta microscopiche (e sub-microscopiche)
finemente calibrate. Per una migliore comprensione del loro
comportamento sono necessari modelli matematici che tengano
conto dell'interazione tra fenomeni che hanno luogo su differenti
scale spaziali e temporali. Poiché il loro divario puo essere enorme,
i fenomeni che interessano sono spesso descritti da teorie fisiche
diverse: per esempio, dalla meccanica quantistica a scala atomica e
sub-atomica, dalla meccanica statistica su una scala mesoscopica e
da una qualche teoria di (termo-)meccanica dei continui su scale
abbastanza grandi (ma, in parecchi casi fortunati, non cosi grandi
come ci si aspetterebbe). L'approccio che propongo alla risoluzione
di questi problemi & I'accoppiamento ‘on the fly' tra dinamica
molecolare e termomeccanica dei continui, basato su una
reintepretazione multi-scala e un'estensione del metodo introdotto
trent’anni fa da Andersen, Parrinello e Rahman.
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APR seminal papers

e H.C. Andersen, Molecular dynamics simulations at
constant pressure and/or temperature. Journal of
Chemical Physics, 72(4):2384-2393, 1980.

e M. Parrinello and A. Rahman, Crystal structure and pair
potentials: A molecular-dynamics study. Physical Review

Letters, 45(14):1196-1199, 1980.

e M. Parrinello and A. Rahman, Polymorphic transitions in
single crystals: A new molecular dynamics method.
Journal of Applied Physics, 52(12):7182-7190, 1981.
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N
L (p,B) = 5 ) milpil’ = U(p)
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p::(pl7"‘7pi?"'7pN)

N

Up) =) Ui(p;) + Us(p)
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Us(p°) = Us(p)



MD cell: a cartoon
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%carat ~ 1072 mol



3 carat ~ 10" mol =~ an array of (~ 2:10°) ~
~ 6-10% cells, each containing ~ 10° C atoms



Basic Lagrangian
(per cell)



Basic Lagrangian
(per cell)

N N
ZLi(p.p) = 5> milp = > Ui(p)
i=1 =1



Basic Lagrangian
(per cell)

N N
ZLi(p.p) = 5> milp = > Ui(p)
i=1 =1

~Ul(p)



Basic Lagrangian
(per cell)

N N
ZLi(p.p) = 5> milp = > Ui(p)
i=1 =1

—Ulp)

. 1
U(p):= lim MU>(‘13M)

M—oo

mM::(p7p27"'7pm7"'7pM)7 pm::p+tm



Basic Lagrangian
(per cell)

N N
ZLi(p.p) = 5> milp = > Ui(p)
i=1 =1

- (7(]3) — Uim(p)

_ 1
O(p):= Jlim = Us ()

M—oo

‘»BM3:(P,P2,---,Pm,---,pM), pm::p+tm

o Uinn ... far-field effective potential
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o Number of particles, total energy, and volume
(N, E, V) stay constant (= microcanonical
ensemble).

o Also the shape of the MD cell does not change.



(c)
(b)
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(my reconstruction)

T (ay(7),...,a,(7),...,a,(7))

a(r)=F(r)e, (1 <0< n)

Pi(T) = Po(7) +1i(7) = P, (7) + F(7) 8i(7)
e p, ...cell centre
o t:=(ry,...,r...,ry) ... radius vectors

(w.r.t. p,)
e F' ... cell deformation

o 5:=(S1,...,8i,...,8N) ...scaled radius vectors



APR cure

(discussion)



APR cure

(discussion)

(a) F(r) = F(1y) ... pre-Andersen MD



APR cure

(discussion)

(a) F(r) = F(1y) ... pre-Andersen MD

(b) s(7) = s(79) ... Cauchy-Born rule



APR cure

(discussion)

(a) F(r) = F(1y) ... pre-Andersen MD
(b) s(7) = s(79) ... Cauchy-Born rule

(c) s(r) = & (F(1);s()) ... static condensation
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APR recipe:

extended Lagrangian

Zapr: (5,5 F,F) —
N
1> "mis(Cs) + 1 M-(F'F) — U(Fs) + V;S-F
i—1
« C:=F'F ... cell metric

e« M (= WTI) ...scaled cell inertia tensor (given)
« V4S ... prototype volume xapplied stress (given)

> assuming: U/ =0, Uin(p)=—-VS-F
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APR recipe:

equations of motions

mZ(SZ + C_IC SZ) = _F! Dzﬁ‘ps

N
MF = V,S —Z(Si®Di(7|Fs —F(m;$;® s,))
i=1



A quote from Parrinello & Rahman 1981

Whether such a Lagrangian is derivable from
first principles is a question for further study.
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Behind APR recipe:

the artless Lagrangian

gartlz (575;p07po; F7 F) =

N N
5 Z (Cs;) +3 (Z mi sz®sl> (F'F)

i=1

%(Z >po|2 (ZszzQ@SZ)(FTF)

Z: Zzl

N
%(Z m;(F's;) )
=1
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Behind APR recipe:

the artless Lagrangian

gartlz (57§;poapo; F7 F) =

N N
}3 s+ S mnes) B

=1

%(Zm) [Do|” + (Z m; S«L‘®S«L‘>-(FTF)

1=1

%(Z mi(Fs,) )po U(Fs)+Vy(SF +b-(p,0)

> assuming: Zizl Uf(pi) = —Vyb-(p,—o0)
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Beyond APR recipe

Answer:

N

M=Zm,’si®si & M=0
=1

N

Zmi S;®s; € Skw

1=1

skw(F'F)=0 <= skw(FF!)=0

P, =0



Beyond APR recipe

Interpretation:

N

M:Zmisi@)Si & M=~0
i=1

N

Zmi S;®s; € Skw

1=1

skw(F'F)=0 <= skw(FF !)~0

p, >0
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Beyond APR recipe

Scale separation:

The scaled cell inertia tensor is slowly varying.

The rigid component of the cell motion is slow,
i.e., it cannot be gauged on the cell scale.

The stress is nearly uniform over the cell, i.e.,
its divergence cannot be gauged on the cell scale.

The stress-strain relation is gauged on the cell scale.
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equations of motions
mZ(SZ + c-I'C Sz) = —F! DZU‘FE

N
MF = V;S —Z(s@Dzﬁng —F(mis;@ S))

1=1

N
M:Zmﬁy@)sj

1=1
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Interacting APR-like cells

Construct macroscopic fields by interpolation (denoted by )
over an array of widely spaced cells:

N
TF, s, ftp,, b, oy (PO va )

Enforce balance of force at supra-cell scale:
divlhS + b — Mpep, = 0
Enforce compatibility of deformation at supra-cell scale:
F = %ﬂpo

These conditions determine the stress S and the mean
position p, (to within a rigid motion).



